Abstract. In this paper, we consider the isomorphism problem of a class of completely primary finite rings R such that if M is the Jacobson radical of R, then M 3 = (0) and M 2 ^ (0), in the general case (not necessarily the case where the maximal Galois subrings lie in the center). We further obtain the number of non-isomorphic classes in a special case of these rings.
Introduction
Throughout this paper we will assume that all rings are finite, associative (but generally not commutative) with identities, denoted by 1, that ring homomorphisms preserve 1, a ring and its subrings have the same 1 and that modules are unital. Recall that an Artinian ring R with radical A4 is called primary if R/M. is simple and is called completely primary if R/M is a division ring. A study of the nature of completely primary finite rings appears in the work of Raghavendran [6] . For convenience of the reader, we collect in Section 2 preliminaries, basic definitions and the required notions about completely primary finite rings.
In [1] , construction of a class of completely primary finite rings R is given such that if M is the Jacobson radical of R, then M 3 = (0) and M 2 (0). Moreover, we prove that these constructions indeed describe all such rings. Further, we consider the problem of enumerating these rings in the particular case where the maximal Galois subrings lie in the center, by way of giving a method of determining the isomorphism classes. In [1] , these rings are called Rings with the Property (T), and we opt to call them as such.
In this paper, we consider the problem of finding up to isomorphism, the number of distinct types of these rings by way of giving a method which determines their isomorphism classes. Versions of the isomorphism problem appear as Lemma 5.1 and as Lemmas 7.1 -7.4 of [1] under the assumption that the maximal Galois subrings lie in the center. In the present paper we have no such restriction.
In Section 3, we obtain some elementary results concerning these rings. In Section 4 we present two constructions of these rings and we claim that these constructions indeed describe all of them (see [1] , Sections 4 and 6). In Section 5 we consider the problem of enumerating these rings and state some remarks on the action of automorphisms and group actions on sets of matrices over finite fields. In the final section, we determine the number of isomorphism classes of the rings R, under some weak assumption on R.
Preliminary results and definitions
For convenience of the reader, we collect in this section some definitions and results which will be frequently used in the paper. The following two facts can be easily deduced from Theorem 2 (v) in [6] and the main result in [4] , respectively. [6] ).
The following result is due to Wirt [7] . Proof. Use the decomposition of RQ <S>Z RO in terms of Aut(R 0 ) and apply the fact that R is a module over RQ ®Z RO-• We call (jj the automorphism associated with mi and <ti,..., a^ the associated automorphisms of R with respect to R 0 . Proof. Apply the fact that 
Rings with the property (T)
Throughout, we assume that R is a completely primary finite ring with the Jacobson radical M. such that Ai 3 = (0) and M? / (0). These rings were studied by the author in [1] We denote by ann(M) the two-sided annihilator of M. in R, which is of course an ideal of R. Because A4 3 = (0), it follows easily that M 2 C
ann(M).
We know from 2.6 that R = R 0 © R 0 mi, where m* € M, and that there exist automorphisms ai,... ,Oh 6 Aut(R 0 )
such that m{r 0 = r^im 1 , for all r 0 € R 0 and for all i = 1,... ,h\ and that the number h and the automorphisms ai are uniquely determined by R and R 0 . Again, since 
Construction of rings with the property (T)
We begin with the following:
Let F be the Galois field GF(p r ). Given three positive integers s, t, A such that l<i<s 2 ,A>0, fix three s, X, t -dimensional F-spaces U, V, W, respectively. Since F is commutative we can think of them as both left and right vector spaces. Let (a^) be t linearly independent matrices of size s x s with entries in F, {<Ji, ..., cr s }, {ri, ..., ..., 6t} be sets of automorphisms of F (with possible repetitions) and let {aj} and {0jt} satisfy the additional condition that if a^ ^ 0, for any k with 1 < k < t, then 9k = OiCfy
On the additive group R = F ®U (BV (BW; we select bases {uj}, {u^} and {iffc} for {/, V and W, respectively, and we define multiplication by It was shown in [1] that this multiplication turns R into a ring such that the radical M of R equals U © V © W, M 2 = W and M 3 = (0).
THEOREM 4.1 ([1, Theorem 4.1]). Let R be a ring. Then R is a ring with the property (T) and of characteristic p if and only if R is isomorphic to one of the rings given by Construction A.

Construction B.
Let then p can be any prime; n, r can be any arbitrary positive integers and s, d, A can be any integers > 0, while t is subject only to the condition that l<l + ci + <<(l + s) 2 .
Enumeration of rings with the property (T)
We now consider the problem of finding the number of distinct (up to isomorphism) types of these rings by way of giving a method which determines their isomorphism classes. Versions of the isomorphism problem appear as Lemma 5.1 and as Lemmas 7.1 -7.4 of [1] . But in [1] it was assumed that the maximal Galois subrings lie in the center. In the present paper we have no such restriction. We approach the problem case by case.
Rings of characteristic p.
Let R be a ring with the property (T) and characteristic p. Then R is a ring of Construction A with the given multiplication; and the parameters defining R are the t linearly independent matrices (a^) of size s x s with entries in F and the automorphisms {^i}. In what follows, we assume that
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Let R be the ring given by the above multiplication with respect to the linearly independent matrices Ak -(a^) € MS(F) (fc = 1, ..., t) and the automorphisms {aj} and {9k}-Since 6k = OiOj if a^ ^ 0 and ann(M) = M 2 , then up to isomorphism, the ring R is given by t linearly independent matrices Ak = (a^) of size s x s, and the automorphisms {&i}. Let A = {Ak • k = 1, ..., t}, and denote the ring R by R(A,<Ti) . We call the matrices Ak, the structural matrices of the ring R (A, <Ji) . We also recall that if |.R(.4, <7i)| = p nr , the integers p, n, r, s, t are invariants of R(A, <7i).
We take this opportunity to introduce the symbol M a to denote (a(a,ij)) and M a i to denote (cri(aii), 02(012), • • •, &t(a<it)) , for some automorphisms aj, not necessarily distinct, if M = (a^).
PROPOSITION 5.2. Let R(A,cri) and ,R'(P, cr^) be rings with the property (T) of the same characteristic p and with the same invariants p, n, r, s, t. Also let us assume that they are constructed from a common coefficient subring F with associated automorphisms {oi} and respectively. Then R(A,cri) = R (~D, crj if and only if {<7j} = {<7j} and there exist a € Aut(F), B = ((3kp) e GL(t, F) and C <E GL(s, F) such that C T DpC ai
= £Li pkpA%.
Proof. Suppose that there is an isomorphism <j) : R{A,<Ji) -• ii'(X>, <7^). Then, <f>(F) is a maximal subfield of R (V, a{) so that there exists an invertible element w E R (D, crj such that w<f>(F)w~1 = F.
Now, consider the map xp : R(A, Cj) -> R (T>, crj given by r 1-• u>4>(r)w~l. Then, clearly, ip is an isomorphism from R(A,a{)
to R (D, <7 J which sends F to itself. Also, 
Y, ^a^ia^a^d^w'py p v,n=\ i,j=l
On the other hand, 2 . We know that all the rings of this type are rings of Construction B, and so if R is such a ring, the parameters defining R are the s x s linearly independent matrices A\ = (a[j) over R 0 /pR 0 , for I = 0, 1, ..., t, and the automorphisms {<7i}, {r M } and {8k} of R 0 . Since Notice that, in Case I, we assumed that p E M 2 .
Then, it is easy to verify that ij) is an isomorphism of rings with the property (T)
.
However, if now p G ann(M)
while p ^ M 2 , the discussion is virtually the same as that given above only that in this case the ring R has t structural matrices A\,..., A t .
Case III. The case where p lies in M -ann(M).
The discussion is the same as in the previous two cases only that in this case the ring R has d + t structural matrices Ai,..., A t ,..., -Ad+t) where d > 0.
Rings of characteristic p
3 . In this case, R is a ring of Construction B with coefficient subring R 0 of characteristic p 3 . It can be noted that in this case, R 0 is the smallest ring with the property (T). Moreover, in the general case, the ring R has 1+d+t structural matrices A\ = (a\j) over R 0 /pR a ,
we can write R = R 0 (BU(BN, where N = V © W, and if we denote v\, ..., v\ by wt+1, ..., w t +\, respectively, then the above multiplication for R in Construction B yields (if characteristic of R 0 is p 2 ) and 1 + d + t linearly independent matrices A k if characteristic of R 0 is p 3 and denote the rings with the above multiplication by R(A,<Ji). Our problem is to determine which choices of A and of automorphisms {<7j} give distinct rings up to isomorphism. This is given by the following proposition. Proof. Modify the arguments given in the proof of Proposition 5.2.
•
We have thus formulated the isomorphism problem and it remains to obtain the uniqueness of the representatives of the isomorphism classes. In order to do this we formulate several useful remarks.
Let K denote the finite field F or the residue field R 0 /pR 0 .
REMARK 5.5. If VLI, ..., A t are linearly independent matrices over K and a € Aut(K), then Af, ..., Af, are also linearly independent over K. REMARK 5.6 . If < A\, ..., At > is a subspace of M S (K), then so is < A\, ..., A%> and dim^(< Ai, ..., A t >) = dirnft:(< A\, ..., A% >). The problem of classifying our rings, up to isomorphism, amounts to classifying i-tuples of linearly independent matrices (Ai, ..., At) under the above relation, B, C being arbitrary invertible matrices and <r, 9 being arbitrary automorphisms. for some fixed automorphisms a and 6. By restriction, G acts on the subset Y consisting of i-tuples A\, ..., A t , of linearly independent matrices. This amounts to studying the "congruence" action (via C) on GL S (K) on the set [V of t-dimensional subspaces of M s (/£"), B just representing a change of basis in a given space. In the same way, the whole action of G on A may be represented as an action of GLt(K) on the set A of subspaces of dimension < t. We may call two i-tuples in the same G-orbit as equivalent.
A special case
In this section, we obtain the number of non-isomorphic classes of rings with the property (T). We consider only a special case where the invariants t = s 2 2 if characteristic of R is p 3 . Let cr¿ = 0 be the associated automorphism of R with respect to a fixed maximal Galois subfield F or maximal Galois subring R 0 of R according as R is a ring of Construction A or Construction B and let Ak be the structural matrices of R. We know that the matrices Ak are linearly independent over F or over R a /pR 0 .
So, let A denote the subspace of Ms(iC) generated by the matrices Ak over F or over R 0 /pR a ; and let B denote the subspace of M(1+S)(i^) generated by the matrices Ak over R 0 /pR 0 . Now, the number of elements in the K-sp&ces NL S 
